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We introduce a new model describing a bosonic system with chiral properties. It consists
of a free boson with two peculiar couplings to the background geometry which generalizes
the Feigen-Fuchs-Dotsenko-Fateev construction. By choosing the two background charges
of the model, it is possible to achieve any prefixed value of the left and right central
charges and, in particular, obtain chiral bosonization. A supersymmetric version of the
model is also given. We use the latter to identify the effective action induced by chiral
superconformal matter.
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Bosonization is an interesting phenomenon of two dimensional field theory. It states
the equality of correlation functions of given operators in the two apparently different
theories of a scalar boson and a Dirac fermion [1]. In the massless case, it has been useful
to extend the fermion-boson correspondence to a single chiral sector, and formulas for
chiral bosonization on a general Riemann surface have been written down in [2]. However,
the chiral bosonic piece has always been identified by extracting the holomorphic (in the
modular parameters) square root of an effective action which corresponds to a non-chiral
bosonic theory, and a direct comparison with a truly chiral bosonic theory is still absent.
The reason is that it is difficult to give a lagrangian description of a chiral boson suitable
for quantization. The first attempt to construct such an action was made by Siegel [3],
who introduced a gauge field in order to constrain the boson to be chiral. Unfortunately,
the gauge symmetry becomes anomalous upon quantization and mechanisms to cancel the
anomaly have to be devised [4]. A different formulation, due to Floreanini and Jackiw
[5], does not require the introduction of a gauge field, but the Lorentz invariance of the
model is not manifestly realized. This is not a problem in principle, in fact one can
still achieve several results like coupling the chiral boson to other systems [6], computing
the gravitational anomalies [7] and showing chiral bosonization on a curved space with
trivial topology (i.e. the infinite plane) [8]. However, the non-manifest Lorentz invariance
(or coordinate invariance when coupled to gravity) makes it difficult to investigate the
Floreanini-Jackiw model in non-trivial topological situations. In the present letter, we
suggest yet a new description of a chiral boson which is different in spirit from the previous
ones. The model we have in mind is that of a free scalar field coupled to the background
geometry through two background charges. These couplings induce improvement terms in
the energy-momentum tensor and modify the left and right central charges of the model,
in a way similar to the usual boson with a background charge, discussed by Feigin-Fuchs
and Dotsenko-Fateev [9]. One can choose the value of the two background charges to
create a mismatch between the left and right central charges, thus obtaining a chiral
system. We present only a local description of the model (more precisely, we work on the
infinite plane) and adopt a Minkowskian signature for the two dimensional geometry. We
conclude this letter by presenting a supersymmetric version of the chiral boson and its
effective action. The latter is naturally identified with the typical effective action induced
by chiral superconformal matter.
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We start with the definition of the two dimensional geometry and introduce Lorentz
covariant derivatives†
∇a = Ea
µ∂µ + ωaJ ; a = ± (1)
constrained by
[∇+,∇−] = RJ (2)
The constraint (2) can be solved to get the usual spin connection ωa as function of the
vielbein field Ea
µ (e ≡ det eµ
a, eµ
a is the inverse of Ea
µ)
ω± = ∓
1
e
∂µ(eE
µ
±) (3)
The scalar curvature R defined in (2) can be expressed as follows (Ea ≡ Ea
µ∂µ)
R = Rl +Rr
Rl = ∇+ω− = (E+ − ω+)ω−
Rr = −∇−ω+ = −(E− + ω−)ω+
(4)
Note that Rl and Rr are not separately local Lorentz invariant. In fact, under local Lorentz
(λ) and Weyl (σ) transformations defined by
eˆµ
± = exp(σ ∓ λ)eµ± (5)
one obtains the following transformed quantities
eˆRˆl = e
(
Rl +∇
2(σ − λ)
)
eˆRˆr = e
(
Rr +∇
2(σ + λ)
) (6)
where ∇2 ≡ ∇−∇+ = ∇+∇− acts on scalars. Only the combination which gives the Ricci
scalar R = Rl + Rr is Lorentz invariant. However, we are looking for a chiral theory
where gravitational anomalies are expected [10]. Moreover, it is known that one can shift
possible gravitational anomalies into the Lorentz sector by using local counterterms [11].
Therefore, it is natural to use independently Rl and Rr in the construction of a model
which is going to be reparametrization invariant but Lorentz (and Weyl) anomalous.
† J is the Lorentz generator acting on a vectors V± as follows [J, V±] = ±V±; the Minkowski
metric in light cone coordinates is given by η+− = η−+ =
1
2
and η++ = η−− = 0.
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Inspired by the previous considerations, we write down the following action for a chiral
boson φ
S =
1
pi
∫
d2xe
(1
2
∇+φ∇−φ+ βrRrφ+ βlRlφ
)
(7)
To justify the claim that φ is a chiral boson, we begin the analysis of the model by looking
at the energy-momentum. The latter is defined by Tµa =
2pi
e
δS
δeµa
and in general will not
be symmetric if the theory is not local Lorentz invariant (which is the case of our model).
We obtain
Tµa = eµa∇+φ∇−φ− eµ+∇aφ∇−φ− eµ−∇+φ∇aφ
+ 2βr
(
eµaE+∇−φ− eµ+Ea∇−φ− eµ−ω+∇aφ
)
+ 2βl
(
eµaE−∇+φ− eµ−Ea∇+φ+ eµ+ω−∇aφ
) (8)
In flat space, where eµa = ηµa, we get the following components of the energy-momentum
tensor
T++ = −
1
2
∂+φ∂+φ− βl∂
2
+φ
T−− = −
1
2
∂−φ∂−φ− βr∂2−φ
T+− = βr∂+∂−φ = 0
T−+ = βl∂−∂+φ = 0
(9)
where we have used the equation of motion evaluated in flat space, ∂+∂−φ = 0, which also
implies the conservation of the energy-momentum tensor. From the above expressions we
see that the coupling to the background geometry has induced extra terms in the T±±
components. Their effect is to shift the central charges of the model as follows
cl = 1 + 12β
2
l ; cr = 1 + 12β
2
r (10)
where the central charges cl and cr are identified from the coefficients o f the anomalous
terms in the operator product expansion of the energy-momentum tensor† [12]
T++(x
+)T++(y
+) =
cl/2
(x+ − y+)4
+
2T++(y
+)
(x+ − y+)2
+
∂+T++(y
+)
(x+ − y+)
+ · · ·
T−−(x−)T−−(y−) =
cr/2
(x− − y−)4
+
2T−−(y−)
(x− − y−)2
+
∂−T−−(y−)
(x− − y−)
+ · · ·
(11)
For β2l 6= β
2
r we have a chiral theory and thus a chiral boson.
† We use the operator product expansion ∂±φ(x±)∂±φ(y±) = 1(x±−y±)2 + · · ·.
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An equivalent way of describing the shift in the central charges is to compute the
effective action in curved space by integrating out the bosonic field φ in the functional
integral. This effective action can be interpreted as the generating functional of correlation
functions of the energy-momentum tensor. We get
eiW [eµ
a] =
∫
(Dφ)eiS
W [eµ
a] =
1
24pi
∫
d2xe
(
R
1
∇2
R + 12(βlRl + βrRr)
1
∇2
(βlRl + βrRr)
) (12)
The above result is easily obtained by shifting the field φ→ φ+ 1∇2 (βlRl+βrRr) to reduce
the computation to that of a standard bosonic scalar without background charges, which
gives the well-known R 1∇2R effective action [13] with a coefficient of
1
24pi in our conventions.
Note that, up to boundary terms (we partially integrate freely assuming suitable boundary
conditions at infinity) and local terms (e.g. eRl
1
∇2Rr = eω−ω++ a total derivative), one
can rewrite the effective action as follows
W [eµ
a] =
1
24pi
∫
d2xe
(
(1 + 12β2l )Rl
1
∇2
Rl + (1 + 12β
2
r )Rr
1
∇2
Rr
)
(13)
which is the effective action of a chiral system, first discussed by Leutweyler [14] for the
case of a Weyl fermion (see also ref.[15] for useful formulas). To achieve central charges
cr,l < 1 one has to take imaginary couplings βr,l, as in the non-chiral case [9]. In particular,
the choice βl = 0 and βr = ±
i
2
√
3
reproduces the effective action of a Weyl fermion.
It is interesting to observe a relation between the chiral bosonic action (7) and the
effective action induced by chiral fields (13): the action (7) is identical to to what may be
called the “Liouville action” for the Lorentz mode of the vielbein. To see this, parametrize
the class of Lorentz-equivalent vielbeins by eµ
± = exp(∓λ)eˆµ±, where eˆµ± is a reference
vielbein. Plugging this parametrization in the action (13) one gets
W [eµ
a] =W [eˆµ
a]+
1
24pi
∫
d2xeˆ
[
(2+β2l +β
2
r )λ∇ˆ
2λ+2(1+β2r )Rˆrλ−2(1+β
2
l )Rˆlλ
]
(14)
(the inclusion of a local counterterm of the type ∆S =
∫
d2xe ω−ω+ in the action (13)
would bring in just some modifications of the various coefficients). Thus, we see that by
adjusting the various coupling constants, the “Liouville action” for the Lorentz mode can
be used to describe a chiral boson. This is similar to the usual Liouville action for the
Weyl mode, which is used to represent non-chiral matter with arbitrary central charge
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(note that one is typically interested in c < 1 and must use imaginary couplings in the
Liouville action).
A supersymmetric version of the model can easily be constructed by repeating the pre-
vious steps in superspace [16]. The geometry of the latter is locally defined by introducing
Lorentz covariant derivatives†
∇A = EA
MDM + ωMJ ; A = +,−,++,−− (15)
constrained by
{∇+,∇+} = 2i∇++
{∇−,∇−} = −2i∇−−
{∇+,∇−} = RJ
(16)
The scalar curvature can again be expressed as a sum of chiral pieces
R = Rl +Rr
Rl = ∇+ω− =
(
E+ −
1
2
ω+
)
ω−
Rr = ∇−ω+ =
(
E− +
1
2
ω−
)
ω+
(17)
It is useful to give here the formulas for the fermionic spin connections
ω± = ∓
2
e
DM (eE±M ) (18)
from which one can derive the following useful scaling properties of Rl and Rr under Weyl
(Σ) and Lorentz (Λ) transformations
Eˆ±M = exp(Σ± Λ)E±M
eˆRˆl = e
(
Rl − 2∇
2(Σ + Λ)
)
eˆRˆr = e
(
Rr − 2∇
2(Σ− Λ)
) (19)
where now ∇2 ≡ ∇+∇− = −∇−∇+. The superspace equivalent of the action (7) looks
similar
S =
1
2pi
∫
d2xd2θe (
1
2
∇+φ∇−φ+ βlRlφ+ βrRrφ) (20)
† DM = {D+, D−, ∂++, ∂−−} are the covariant derivatives of rigid superspace, where D± =
∂
∂θ±
± iθ± ∂
∂x±±
. The Lorentz generator now acts as follows [J, V±] = ±
1
2
V±, [J, V±±] = +V±±.
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and give rise to an affective action identical in form to (13)
W [eM
A] =
1
32pi
∫
d2xd2θe
(
(1 + 8β2l )Rl
1
∇2
Rl + (1 + 8β
2
r )Rr
1
∇2
Rr + aω+ω−
)
(21)
where the last term represent the ambiguity of adding local terms consistently with
reparametrization invariance (and rigid Lorentz transformations). This effective action
is obtained by shifting the field φ and by making use of the non-chiral effective action
due to a scalar superfield [17], which is still of the type R 1∇2R. It can be seen that this
effective action is indeed induced by chiral supermatter. In fact, one can compute the
energy-momentum tensor from the action (20) to check that it corresponds to a typical
chiral superconformal system. The energy-momentum tensor is found by varying the viel-
bein field δEA
M ≡ HA
BEB
M . One must recall that not all variation HA
B are allowed
because the constraints (16) which define the supergeometry must be preserved. There are
only six independent variations which can be taken to be H±±, H±±±, H±∓∓. As for the
remaining variations, their functional dependence is found from varying the constraints
(16). The energy-momentum tensor is then identified from
δS =
1
2pi
∫
d2xd2θe (−1)ATA
BHB
A (22)
where HB
A runs over the above set of independent variations. In flat space and using the
equation of motion, we get the following non-zero components of the energy-momentum
tensor
T++
− = −
1
2
D++φD+φ− βlD++D+φ
T−−+ =
1
2
D−−φD−φ+ βrD−−D−φ
(23)
It is straightforward to check that the above components of the energy-momentum tensor
generate two copies of a superVirasoro algebra with central charges cˆl = 1 + 8β
2
l and
cˆr = 1 + 8β
2
r respectively, where the central charge cˆ is recognized from the operator
product expansion of the spin
∣∣3
2
∣∣ components of the super energy-momentum tensor (see
[18] for notations)
T (Z1)T (Z2) =
cˆ/4
z312
+
(3/2)θ12T (Z2)
z212
+
(1/2)D2T (Z2) + θ12∂2T (Z2)
z12
+ · · · (24)
and it is related to the Virasoro central charge c by c = 32 cˆ.
To summarize, we have introduced a model of chiral bosons which reproduce the
correct anomalies of chiral conformal matter in spaces with trivial topology. We hope that
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the clear geometrical formulation will help to discuss the model also in topologically more
interesting situations, like Riemann surfaces. The model can easily be supersymmetrized
by working in superspace. The supersymmetric version has allowed us to identify the
effective action induced by chiral superconformal matter, a result which we believe new by
itself.
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